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Abstract: The aim of this paper is to exhibit the research on separation axioms in terms of nearly open sets viz
p-open, s-open, a-0pen & B-open sets. It contains the topological property carried by respective g -Ty spaces (g
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I. Introduction & Preliminaries:

The weak forms of open sets in a topological space as semi-pre open & b-open sets were introduced by D.
Andrijevic through the mathematical papers[1,2]. The concepts of generalized closed sets with the introduction
of semi-pre opens were studied by Levine [12] and Njasted [14] investigated a-open sets and Mashour et. al.
[13] introduced pre-open sets. The class of such sets is named as the class of nearly open sets by Njasted[14].

After the works of Levine on semi-open sets, several mathematician turned their attention to the
generalization of various concepts of topology by considering semi-open sets instead of open sets. When open
sets are replaced by semi-open sets, new results were obtained. Consequently, many separation axioms have
been formed and studied.

The study of topological invariants is the prime objective of the topology. Keeping this in mind several
authors invented new separation axioms. The presented paper is the overview of the common facts of this trend
at a glance for researchers.

Throughout this paper, spaces (X, T) and (Y,s) (or simply X and Y) always mean topological spaces on

which no separation axioms are assumed unless explicitly stated. The notions mentioned in
[1,6],[2],[12],[14]&[13] were conceptualized using the closure operator (cl) & the interior operator( int ) in the
following manner:

* Definition:

A subset A of a topological space (X,T) is called

I. a semi-pre —open[1] or B-open [6] set if Ac cl(int(cl(A))) and a semi-pre closed or B-closed if
int(cl(int(A))) © A.

1. ab-open[2] setif Ac cl(int(A))uU int(cl(A)) and a b-closed [8] if cl(int(A)) nint(cl(A)) SA.

1. asemi-open [12] setif AC cl(int(A)) and semi-closed if int(cl(A)) € A.

IV. an a-open[14] setif AC int(cl(int(A))) and an a-closed set if cl(int(cl(A))) & A.

V. apre-open [13] setif A < int(cl (A)) and pre-closed if cl(int(A)) © A.

The class of pre-open, semi-open ,a —open ,semi-pre open and b-open subsets of a space (X,T) are usually

denoted by PO(X,T),SO(X,T), T“, SPO(X,T) & BO(X,T) respectively. Any undefined terminology used in
this paper can be known from [4].
In 1996, D.Andrijevic made the fundamental observation:

* Proposition:
For every space (X,T) , PO(X,T) u SO(X,T) € BO(X,T) & SPO(X,T) holds but none of these
implications can be reversed[10].
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* Proposition : Characterization [10]:

I. Sissemi-pre-open iff S C sint(sclS).

Il. Sissemi-open iff S scl(sintS) .

I1l. Sis pre-open iff S < pint(pclS) .

IV. Sisb-openiff S < pcl(pintS)., where S€ X & (X,T) is a space.

* ¥ The separation axioms of topological spaces are usually denoted with the capital letter “T” after the
German word “Trennung” which means separation. Separation axioms are one among the most common
important & interesting concepts in Topology and are used to coin more restricted classes of topological spaces.
However, the structure and the properties of such spaces are not always that easy to comprehend.

81. Separation axioms in terms of nearly open sets:

The separation axioms enable us to assert with precision whether a topological space has sufficient
number of open sets as well as nearly open sets to serve the purpose that the larger the number of open sets as
well as nearly open sets, the greater is the supply of the continuous or respective continuous functions because
the concept of continuity or respective continuity is fundamental in analysis & topology and intimately linked
with open or nearly open sets.

This section highlights the overview of the separation axioms in terms of nearly open sets viz p-open,s-
open ,a- open & [-0open sets.

& -Tx Topological Spaces (o = p, s, a & p; k=0,1,2):
The literature survey on allp -T, spaces (¢ = p, s, a & B; k = 0,1,2) has been brought under a
common frame work.

Definition (1.1): A topological space (X,T) is said to be :
(i) # - Tospace if for each pair of distinct points x and y of X, there exists a g-open set A such that xe A but
y¢ B & that ye A but x¢ B.
Or
§- Tq space if for any two distinct points x and y of X, there exists a go-open set containing one of them but not
the other.

(if) g-T, space if for each pair of distinct points x and y of X, there exists a pair of g-open sets A & B such
that x€ Abuty¢ A &that ye B but x¢ B.
Or
§- T1 space if for any pair of distinct points x and y of X, there exist g -open sets A & B in the manner that A
contains X but noty and B contains y but not x.

(iii) go- T, space if for each pair of distinct points x and y in X, there exist two disjoint g-open sets A and B
such that xe A & ye B.
Or
§- T, space if for any two distinct points x and y of X, there exist a go-open sets A& B such that xe A, ye B
and AnB = ¢.

Remark (1.1): If aspace (X,T) is o -Ty , thenitis g -T\;, kK = 1,2. But the converse is not true.

Example (1.1): Everyg -T, space is not necessarily a g-T; space.

Let us consider the set N of all natural numbers. Let T = { ¢, N & G, ={1,2.3,......,n},n€ N}.

Then (N, T) is a topological space. Obviously, every G, is ag -open set where o =p, s, a & B.

Clearly, the space (N,T) is ago -T, space, because if we consider two distinct points m and n (m< n) then G, =
{1,2,3,...... m} is ago -open set containing m but not containing n and hence it is a go-T, space,.

But it is not a go — T, space because if we choose G, = {1,2,3,...... ,n}, then m € G, but n € G, and n €G,, but
m €G, as m<n.

Hence,(N,T) is not a o-T; space, even though it is a go-T, space.

Example (1.2): Everyg -T, space is not necessarily a g -T, space.
Let T be the co-finite topology on an infinite set X, then (X, T) is a cofinite topological space.
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Obviously, every member of T is a g -open set where g = p, s, a & B. Clearly, the space (X,T) isa g -T;
space because if we consider two distinct points x & y of X, then {x}& {y} are finite sets and hence X —{x}, X
—{y} are members of T i.e. X-{x}& X-{y} are go -open sets such that y € X —{x} & x € X —{y} but x¢ X-{x}&
ye& X-{y}.

But in this case the topological space(X,T) is not g -T, space.

If possible, let (X,T) be a g-T, space so that for distinct points X,y there exist g-open sets G & H
containing x & y respectively in the manner that G N H = ¢. Consequently (G n H)® = ¢“i.e. GU H° = X.
Now, G & H being g -open sets , therefore G° & H° are both finite by definition of co-finite topology and
hence , there union X is also finite . But this contradicts the hypothesis that X is infinite which arises due to our
assumption that (X,T) is a go-T, space. Hence, (X,T) is not g-T, space.

Example (1.3):

(i) We consider the topological space (X,T) where X ={a,b,c,d} And

T ={¢.{a},{ab},{c.d}.{a,c.d}, X}

Here closed sets are : ¢,{b},{a,b},{c,d},{b,c,d}, X.

Simple computations show that

PO(X,T) = {®,{a},{c},{d},{ab},{a,c},{a,d},{c,d},{ab,c}{ab,d} {ac,d}, X}.
SO(X,T) ={ ®,{a},{a,b},{c,d},{a,c,d}, X} =T.

0O(X,T) =T & PO(X,T) =PO(X,T).

Thus (X,T) is p-To & B-T, space but neither p-Ty nor - T space where k =1,2.
Also ,(X,T) is not a go -Ty space where o =s & a; k=0,1,2.

(ii) Let the topological space (X,T) be givenby X ={a,b,c,d} And

T = {g,{b},{c},{b,c}, X}

Simple computations show that

PO(X,T) = {®,{b},{c},{b,c},{ab,c},{b,c,d}, X}.
SO(X,T)={d,{b},{c},{a,b},{a,c},{b,d},{b,c},{c,d},{a,b,c}{a,b,d}{b,c,d}{ac,d} X}
aO(X,T) =PO(X,T) & PO(X,T) = SO(X,T).

Here (X,T) is s-Ty, s- Ty, S-T; space as well as B-To,p-T1 & B-T, space. But (X,T) is neither
p-Tx nor a-Ty space where k =0,1,2.

(iii) Let the topological space (X,T) be illustrated as:
X={abcd}and T ={o,{a},{b},{c},{ab},{b,c},{c,a},{ab,c}, X}
Simple computation provides that
PO(X,T) = {®,{a},{b},{c},{a,b},{b,c},{c,a},{ab,c},X}.

SO(X,T) =P(X)-{d}.

aO(X,T)=T

& BO(X,T) =P(X)-{d}.

Here (X,T) is s-T, space as well as B-T, space. But it is not even p-T,,a-T, space or p-Ty, o-T; space. Clearly,
(X,T)isa -T, space where g = p,s,a & f.

Observations:
(@) Inthe example (i), (X,T) is not a T, -space and also in the example (ii), (X,T) is nota T, -space. But in the
example (iii) (X,T) is a T, —space.
(b) Since, every open set is p-open, s-open ,o. —open & -open , hence
(by) (X,T)is To—space = (X,T) isgp- Tq —Space.
(by) (X,T) is Ty —space = (X,T) is o-T1 —space.
(bs) (X,T) is T, —space = (X,T) is go- T, —space, where o = p,s,a & .
However, the converse of these results may not be true.
(c) These facts establish that the concepts of go-T spaces are different from the concepts of T, -spaces where k
=0,12&¢p =p,s,0a&p.

Theorem (1.1):

A topological space (X,T) is a o -To-space iff for each pair of distinct points x &y of X, the go -
c{x}= g -cl{ylwheregpp = p, s, a & p.
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Proof:

Necessity: Let (X,T) be a g -Ty-space where ¢ = p, s, a & B and let X,y be any two distinct point of X. Then
we have to show thatg -cl{x} # g -cl{y}. Since the space is g-T,, there exists ag -open set G containing one
of them, say x, but not containing y. Then X-G is ag -closed set which does not contain x but contains y. By
definitiong -cl{y} is the intersection of all g-closed set containing {y}. It follows that o —cl{y}c X - G.
Hence x & X-G implies that x¢ g-cl{y}. Thus xe gcl{x} but x¢ g —cl{y}.

It follows that g -cl{x} # g -cl{y}.

Sufficiency:

Let x #y = g — cl{x} # g — cl{y} where x,y are points of X. Since g -cl{x} # go-cl{y}, there exists at
least one point z of X which belongs to one of them, say -cl{x} and does not belong to g —cl{y}. We claim
that x ¢ go-cl{y}. Forif Let x€ gp-cl{y}.

Then g-cl{x} € gp-cl{y} and so xe g-cl{x} c g-cl{y} which is a contradiction. Accordingly x¢ g-cl{y} and
consequently x €X —(g-cl{y}) which is g -open .

Hence, X —(go-cl{y}) is a go-open set containing x but not y . It follows that (X,T) is ago-To-space where o =
p,s, o & P.

Theorem (1.2): A topological space (X,T) is a g-T;- space if and only if every singleton subset {x} of X isg -
closed where o = p, s, a & 5.

Proof: The ‘if part’: let every singleton subset {x} of X beg -closed. We have to show that the space is g-T.
Let x,y, be the two distinct point of X. Then X-{x} is ag -open set which contains y but does not contain x.
Similarly X-{y} is ag - open set which contains x but does not contain y . Hence, the space (X,T) is go-T, where

# =p s a&p.

The ‘only if ¢ part : Let the space be g-T; and let x be any point of X. we want to show that {x} is g-closed,
that is , to show that X-{x} isgo -open. Let ye X-{x}.Then y= x. Since X isgo -T, there exists a g-open set G,
such that ye G, but x¢ G,. It follows that yeG,cX-{x}.

Hence, X-{x} = U{G, : YEG} = A gp-open set . i.e. {X} is a g-closed set where % = p,s, a & p.

Theorem (1.3): Aspace (X,T) is go-T, space iff for each point xeX , the intersection of all
g-closed set containing x is the singleton set {x}, where o = p, s, a & 5.

Proof: Necessity:

Suppose that (X,T) is a g-T, space where o = p, s, a & B. Then there exist a pair of g-open sets G &H
for each pair of distinct points x,y in X such that x€eG ,yeH and GnH =¢. Now, G n H = ¢ =G cH°. Hence
, XEGCH® so that H® is a g-closed set containing X, which does not contain y as yeH . therefore y cannot be
contained in the intersection of all go-closed sets which contains x. Since, y # x is arbitrary, it follows that the
intersection of all go-closed sets containing x is the singleton set {x}. Consequently,
N {F: xe FA Fis g-closed} = {x}.

Sufficiency:

Suppose that {x} is the intersection of all go-closed subsets of (X,T) containing X where x is an arbitrary
point of X.

Let y be any other point of X which is different from x. Obviously, by hypothesis y does not belong to the
intersection of all go-closed subsets containing X. So there must exist a g-closed set , say N, containing x such
that y €N. Now, N being a go-closed nbd of x, there must exist a g-open set G such that xe G c N.

Thus, G and N° are g-open sets such that x€ G, y € N®and G n N°® = ¢.Consequently(X,T) is a g - T, space
where o = p,s, o & P.
Hence, the theorem.

Remark (1.2): The following example is cited in the support of above three theorems.
Let X = {a,b,c,d,e}. T = {9,{a},{b},{a,b},{c,d},{a,c,d},{b,c,d},(a,b,c,d},{b,c.d,e},X}.

& T°={¢,{a},{e},{ae},{be},{abel,{c,de},{acde},{bc,de},X}.
ThenO(X,T)={p,{a},{b},{c},{d}.{a,b}.{ac}.{a,d},{b,c},{b,d},{b,e},{c.d}.{ce},{d.e},
{a,b,c}{a,b,d},{a,b,e},{a,c,d}{ac,e}.{b,c,d}{b,c.e}.{cd.e}{a,d,e}{b,d.e}{ab,c,d}
{a,b,c,e},{b,c,d,e}{ab,de}.{ac,de}, X} =P(X)-{{e}{ae}}.
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BC(X,T) =P(X) — {{b,c,d},{a,b,c,d}}.

Here, (X,T) is a B-T, space, consequently, it is also a B-T; and B-T, space.
Obviously,

(1) p-cl{x} #p-cl{y}; Vv X,y€ X& X+ y.

(2) {a},{b},{c},{d},{e} are B-closed sets i.c. every singleton set is B-closed.
(3) n {F: Fe BC(X,T) such that xeF} = {x}V x€ X.

Definition (1.2): go-open mappings:

A mapping f(X,T)—=(Y,o) from one space (X,T) to another space (Y,o) is called g —open mapping (i.e. g =
p,s,0,B) iff f sends go-open sets (i.e. o = p,s,0,p —open) of (X,T) into g -open sets (i.e. g = p,s,o,p-open) of
(Y,0).

Theorem (1.4):The property of a space being a g - T, space is a topological property where g = p,s,a&p.
Proof:

Let f(X,T)—(Y,0c) be a one-one onto & g —open mapping from a g - T, space (X,T) to any other
topological space (Y,c). It will be established that (Y,o) is also a g - T, space where g = p,s,a,p.
Let y; & y, be any two distinct points of Y and as f is one-one & onto, there must exist distinct points x; & X, of
X such that f(x)) = y; & f(X2) = ¥o..oevininnnt. )
Since, (X,T) is a o - T space so there exists a T—g —open set G in manner that x;€G but x,&G.

Again, f, being go —open, provides that f(G) is a 6— —open and containing f(x;) = y; and not containing
f(x2) = Y2
Thus, there exists a c—g —open set f(G) which contains y; and does not contain y, and in turn (Y,o) isa g - Ty
space

Augain, as the property of being o — T, space is preserved under one-one , onto & g —open mapping, so it
is a topological property.
Hence, the theorem.

Theorem (1.5): The property of a space being a g - T, space is a topological property where o =p, s, a & f.
Proof:

Let (X,T) be a g - T, space and (Y,c) be any other topological space such that  f(X,T)—(Y,oc) is one-one
onto & g —open mapping from (X,T) to (Y,o).
It is required to prove that (Y,o) is also a g - T, space where g = p,s,a,p.

Let y; & y, be any two distinct points of Y and as f is one-one & onto, there must exist distinct points x; &

X, of X such that f(x,) =y, & f(x)) =y, (1)

Since, (X,T) is a o - T, space so there exists a T—g —open sets G & H in manner that x,€G , X,&G & X,€H
) X1 &H
.......................... )

Again, f, being go-open, provides that f(G) & f(H) are c—g —open sets such that
f(x1) = y1 € f(G) butf(xz) =y, & f(G).
& f(x) =y, € f(H) but f(x;) =y, € f(H).
Above relations show that (Y,c) is also a g - T, space.
Again, as the property of being g - T, space is preserved under one-one , onto & g —open mapping, so it is
a topological property.
Hence, the theorem.

Theorem (1.6): The property of a space being a g - T, space is a topological property where g = p,s,a & S.
Proof: Let (X,T) be a o —T, space and (Y,c) be any other topological space such that f(X,T)—(Y,o) is one-
one onto & g —open mapping from (X,T) to (Y,o).
It is required to prove that (Y,o) is also a g - T, space where = p,s,a &p.

Let y; & y, be any two distinct points of Y and as f is one-one & onto, there must exist distinct points x; &

x; of X such that f(xy) =y; & f(x))=y. @)
Since, (X,T) is a 0 - T, space so there exists a T—g —open set G & H such that x,€G , x,¢G & GNH=¢
.................... 2

Again, f, being g —open, provides that f(G) & f(H) are c— —open sets such that
f(xy) =y; € f(G) but f(x,) =y, € f(H) and
& GNH=9p=> fGnH)=¢= f(G)Nnf(H)=o0¢.
Above relations show that (Y,c) is also a g - T, space.
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Again, as the property of being g - T, space is preserved under one-one , onto & g-open mapping, so it is a
topological property.
Hence, the theorem.

82. 0 - Ry spaces where g = p,s,0. & B.

In this section, the notion of g - R, spaces where g stands for p,s,a, is introduced and some basic
properties are discussed. But before we take up it, we project the notion of the g -kernel of a set A of a space
(X,T) and the g -kernel of a point x of a space (X,T) in the following manner:

Definition (2.1):
In a topological space (X, T),if A
C X, then the o — kernel of A,denoted by g — ker(A),is defined to be the set £
—ker(A) =n{0 € POX,T)|A<S 0}
Definition (2.2):
If x be a point of a topological space (X,T), then the g -kernel of x , denoted by g -ker({x}) is defined to be
the set o — ker({x})=n{ 0 € pO(X,T)|x€ 0 }.

Lemma (2.1):
If A be a subset of of a topological space (X,T), then g —ker(A) = n{xe X | -cl({x})n A = &}.

Proof: Let xe g —ker(A) where Ac X & (X,T) is a topological space. On the contrary, we assume that g -
cl({x})n A= ®. Hence x ¢ X — { -cl({x})} which is a g-open set containing A. This is impossible as x
€ g —ker(A). Consequently, g -cl({x})n A% .

Again let , g -cl({x})n # @ exist and at the same time let x & g —ker(A). This means that there exists a go-
open set B containing A and x € B.

Lety € g -cl({x})n A. therefore, B is a o —nbhd of y for which x & B. By this contradiction, we have x € gp-
ker(A).

Hence, p-ker({A})=n {x€ X |@ -cl({x})n A = D}

Definition (2.3): o — R, spaces:

A topological space (X,T) is said to be a g — R, space if every g — open set contains the g — closure of
each of its singletons, where o =p,s,a & p.
The implications between g — R, spaces are indicated by the following diagram:

R, space = a-Ro space = s-R, space
U U
p- Ry space B- Ro space.

We, however, know that a Ry-space is a topological space in which the closure of the singleton of every point of
an open set is contained in that set.
None of the above implications in the diagram is reversible, as illustrated by the following examples:

Example (2.1):

Let X = {a,b,c}, T= {9,(a,b},X}. Then PO(X,T) = {op,{a},{b},{a,b},{b,c},{c,a},X}.
& PC(X,T) = {g,{b},{a},{c},{a,c},{b,c}.X}.

Hence, (X,T) isa p- Ry space.

Again, aO(X,T) = {o, {a,b},X} =sO(X,T).

& aC(X,T)={o,{c}, X} = sCXT).

Since, a-cl({a}) = X ¢{a,b}€ aO(X,T), hence,(X,T) is not a a-R, space.

Similar is the reason for (X,T) to be not a s-R, space.

Example (2.2):

Let X={ab,c},T={g,{a},{b},{a,b},X}.

Then sO(X,T) = {¢,{a},{b},{a,b},{b,c},{c,a},X} =BOX,T).
& sC(X,T) = {¢,{b}.{a},{c}.{a,c},{b,c}, X} = BC(X,T).
Hence, (X,T) is a s-Rq space as well as B-Rq space.

Again, PO(X,T) = {¢,{a},{b},{a,b}, X} = aO(X,T).
& PC(X,T) ={o,{c},{a,c},{b,c},X} = aC(X,T).
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Since, pcl({a}) = {a,c}¢#{a,b}e PO(X,T), hence, (X,T) is not a p-R, space.
Similar is the reason for (X, T) to be not an a-R, space.

Remark (2.1):

(1) The concepts of p-R, space and s-Ry are independent. Example (2.1) shows that the space (X,T)is p-R, but
s-Ry where as in example (2.2), the space (X,T) is s-Rq but not p-Rq.

(2) The notion of a-Ry does not imply the notion of R, as it is shown by the following example.

Example (2.3):
Let X be an infinite set and peX be a fixed point. Let T = {¢p &G c X —{p}& GF s finite}.

It can be observed that if G is an open set and x€ G, then cl({x}) = X ¢G. So, (X,T) is not a R, space but as X is

a- Ty so every {x} is a-closed so a-cl({x}) = {x} cG, V x € G & G € aO(X,T). Hence, (X,T) is an a-R, space.

Example(2.4):

Let X = {a,b,c,d,e}. T = {o,{a},{b},{a,b},{c,d},{a,c,d},{b,c,d},(a,b,c,d},{b,c,d,e},X}.

& T°={¢,{a},{e},{ae},{be},{abe},{cde},{acde},{bc,de},X}. Then
POX,T)={¢,{a},{b},{c},{d},{a,b}{a,c} {ad}{b,c}{b,d}{cd}.{ab,c},
{a,b,d}{ac,d}{b,c,d}{b,c.e}{ab,c,d}{ab,c.e}{b,cde}{ab,de}X}.
PC(X,T)={o,{a},{c},{d},{e},{a,d},{ae},{be},{c,e},{d,e},{a,b,e},{ac,e},{a,d,e},{b,c.e},{b,d,e},
{c,d,e}.{a,b,c.e}{a,b,d,e} {ac,de}{b,c,de} X}

Since,p-cl({b})= {b,e} ¢ {a,b,c,d}e PO(X,T), Hence, (X,T) is not a p-R, space.

Again, BO(X,T) = P(X)-{{e},{a,e}} & BC(X,T)=P(X)-{{b,c,d}{ab,c,d}}.

Since, (X,T) is a B-T, space so every {x} is B-closed which means that B-cl({x}) = {x} cGV x € G &
GeBO(X,T). Consequently, (X,T) is a B-Rq space.

Next,SO(X, T)={¢,X.{a}{b}.{a,b}.{b,e},{c.d} {ab,e}.{a,c,d},{b,c,d},{cd.e} {ab,cd}{b,c,de} {ac.de}}
SCX, T)={0,X,{a},{b},{e},{a,b},{a,e},{be},{c,d},{a,b,e},{a,c,d},{c,d,e},{a,c,d,e},{ b,c,de}}.

Here, (X,T) is a s-R, space.

Also, aO(X,T) =T & oC(X,T) = { 0,X,{a},{e},{a,e},{b,e},{a,b,e},{c,d,e},{a,c,d,e},{b,c,d,e}}.

Here, (X,T) is not an a-R, space.

We, now, mention the following lemmas with proofs, useful in the sequel.

Lemma (2.2): In a topological space (X,T), for each pair of distinct points
XY, € X, x € o —cl({y}) ©y € o —ker({x}), where o =p.s, a & .

Proof:
Suppose that y¢ g —ker({x}). Then there exists a g -open set V containing x such that y € V. Therefore,
we have x¢ g —cl({y}).
This means that y& o —ker({x}) = x ¢ o —cl{y}D.
i.e. Ix ¢p—cl{y)=> Ty & p—ker({x})
i.e. x Ep—cl{y}) = ye p—ker({x}).

Similar is the argument for the proof of the converse i.e.

y € o —ker({x})= x€ g —cl({y}).
Hence, the theorem.

Lemma (2.3): The following statement are equivalent for each pair of points x & y in a topological space
(X,T):

(@) $ —ker({x}) # g —ker({y}).

(b) o —cl({x}) # p—cl({y})-Where o = p,s,a &p.

Proof: (a) =(b):
Suppose that g — ker({x}) # g — ker({y}), then there exists a point z in X such thatz € fp —
ker({x})and z & g —ker({y}).
Since z € g — ker({x}), hence x € g — cl({z}). This means that
{x} nep—cl{z}) = o.
Byz ¢ g —ker({y}),we have {y} n g —cl({z}) = .
Since, x € -cl({z}), p-cl({x}) c fp-cl({z}) and {y}n p-cd({x}) = o.
Hence, po-cl({x}) # fp-cl({y}).
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(b) =(a): Suppose that p-cl({x}) = g-cl({y}). Then there exists a point z in X such that z € p-cl({x}) and
z & g —cl({y}).There, there exists a g -open set containing z and therefore x but noty i.e. y € go-ker({x}).

Hence, g —ker({x}) # g —ker({y}).
Hence, the theorem.

Theorem (2.1):
A space (X,T) isg -Rq space if and only if for each pair x,y of distinct points in X,
p-c{x)np-cdly}) = ¢ or{xy}c p-cd({x})np-cl{y}) wherep =ps a&p.

Proof: Necessity :
Let (X,T) be ag -R, space and x,y €X, x #y. On the contrary, suppose that
p-d{xp) np-cd{yh = ¢ &{xy} & p-d({x}) np-c{y}) .
Letz € o-cl({x}) N fo-cl({y}) & x & p-cl({x}) N p-cl({y}).
Then x & g-cl({y}) and x €(p-cl{y})c which is a g -open set. But go-cl({x}) & [go-cl({yD].
which appears as a contradiction as (X,T) is a g-Ro space.
Hence, for each pair of distinct points x,y of X, we have p-cl({x}) N g-cl({y}) = ¢ or

xy}e o-c(x3) N p-c{y}) -

Sufficiency :
Let U be a g -open set and x €U. Suppose that g-cl({x}) ¢ U. So there is a point
yE€ -cl({x}) such thaty & U and g-cl({y}) NnU = ¢.
Since, Ucis g -closed &y € U<, hence, {x,y} & @-cl({y}) N -cl({x}) and thus
f-cl({x}) N g-cl({y}) # ¢ . Consequently, the assumption of the condition provides that (X,T) is - Ro space.
Hence, the theorem.

Theorem (2.2): For a topological space (X,T), the following properties are equivalent :
(@) (X,T)isag — RO space;
(b) g —cl({x}) = g —ker({x}),V x € X,wherefp = p,s,a &p.

Proof: (a) =(b):
Let (X,T) be agp — RO space.
By definition (2.2), for any x € X,we have § — ker({x}) =n{0 € 90X, T)|x € O}.

And by definition (2.3) , each g -open set 6 containing x contains g —cl({x}).
Hence, o — cl({x}) € g — ker({x}).
Lety € o — ker({x}),thenx € g — ker({y}) by lemma(2.2),and so § — cl({x})
= —cl({y}).Therefore,y €  — cl({x}).These mean that g — ker({x})
c o —cl({xD.
Hence, o —cl({x}) = g —ker({x}).
(b)=(a):
Suppose that for a topological space (X,T), o —cl({x}) = g —ker({x})V x € X.

Let G be any g —open set in (X,T) , then for every p € G, —ker({p}) =n{G € pOX,T)|p €
G}.But o — cl({p}) = g — ker({p}) by hypothesis. Hence, combing these two, we observe that for every
peGE LO(X,T), fo-cl({x})€G. Consequently, (X,T) is a - Ro space.

Hence, the theorem.

Theorem (2.3): For a topological space (X,T) , the following properties are equivalent:
(a) (X,T)isa g —Ryspace.

(b) IfFis @ -closed, then F = g - ker (F);

(c) IfFisg-closed and x € F, then - ker ({x}) C F.

(d) If x€ X then @ -ker({x}) C g -cl({x}).

Proof: (a) =(b):
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(a) Let (X,T) is a o —Ro space & F, a g-closed set. Let x ¢ F, then Fc is a  -open set containing %, so that
p-cl({x}) c Feas (X,T) is a ¢ —Ro. This means that g-cl({x})N F= ¢ and by lemma (2.1), x & - ker
F).
Ther(efz)re, $-ker (F) =F.
(b) =(c):
In general, A € B = p- ker (A) C - ker (B), Hence, it follows that for x € F, {x} € F = - ker({x}) C
§-ker(F) =F as F is go-closed.
(c) =(d):
Since, x € o-cl({x}) and gp-cl({x}) is  -closed, hence, using (c) we get
§- ker({x}) € p- cl({x}).

(d)=(@):

Let (X,T) be a topological space in which g- ker({x}) c - cl({x}) for every x € X.
Lety € gpo-cl({x}), then x € g-ker({y}), since, y € p-cl({y}) and -cl({y}) is §-closed, by hypothesis x €
p-ker({y}c gpo-cl({y}). Therefore y € g-cl({x}) = x € p-cl({y}). Similarly, x € gp-cl({y}) implies y € g-
cl({x}). Thus (X,T) is g-Ro space, using theorem (2.4).
Hence, the theorem.

Theorem (2.4): for a topological space (X,T) , the following properties are equivalent:
(@) (X,T)isagp — RO space;
(b) For any pointsx &yof X,x € o —cl({y}) © y € p —cl({x}).

Proof: (a) =(b):

Let (X,T) be a € o —R, space. Let x & y be any two points of X. Assume that x € g —cl({y}) and D is any
§ —open set such that ye D.

Now, by hypothesis, X € D. Therefore, every g —open set containing y contains x. Hence, y € g —cl({x}) i.e.
X€E p—cl({y} = y € o — cl({x}). The converse is obvious and xe g —cl({y}) & y € % — cl({x}).

(b) =(a):

Let U be g-open setand x € U.Ify ¢ U, then x & go-cl({y}) and hence, y € g —cl({x}). This implies that
% —cl({x}) c U. Hence, (X,T) is a g-Ro space.

Hence, the theorem.

§3./%o — R1spaces wheregp = p,s,a&f.
This section includes the notion of o —R; spaces where g stands for p,s, a & B and their basic properties.

Definition (3.1):

A topological space (X,T) is said to be a g-R; space if for each pair of distinct points x & y of X with gp-cl
({x}) #

§ — cl({y}) , there exist disjoint pair of g — open sets U and V such that  —cl ({x}) U & o —

cl ({y}) < V,where o = p,s,a &p.

Theorem (3.1): If (X T) is a §o-R; space, then it is a §-Ry space.

Proof: Suppose that (X,T) is a o-R1 space where ¢ =p,s, a & f3.
Let U be a g-open set and x €U. then for each point yeU¢, g-cl ({x}) # go-cl({y}).
Since,(X,T) is a §2-R1 space, there exist a pair of g-open sets Uy & Vy such that g-cl ({x}) c Uy & go-cl ({y})
cVy&UyNnVy=oq.
Let A = U{V,:y €Uc}. Then Uc CA, x € A and A is a g-open set.
Therefore, g-cl({x}) cAc c U which means that (X,T) is a §-Ro space.
Hence, the theorem.

Example (3.1):

If p be a fixed point of (X,T) with T as the co-finite topology on X given as
T = {p, X,G with G € X - {p} & G¢ is finite.}, then the space (X,T) is -Ro but it is not g-R; where = p,s,
&B.

Theorem (3.2):
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A space (X,T) is a g —R; space iff for each pair of distinct points x & y of X with g —cl ({x}) # gocl({y}) ,
there exist disjoint pair of o —open sets U and V such thatx eUyeVvV &Un V=g.

Necessity:

Let (X,T) be a ¢ —R; space. By definition (3.1), for each pair of distinct points x & y of X with o —
cl ({x}) # go-cl({y}) .there can always be obtained disjoint pair of g-open sets U and V such that g —
c({x}) c U&gp—cl({y}) €V where Un V=g¢. We, however, know that p E $—
cl{p}),Vp € X.Hence,x €U,y e V&U NV = ¢.

Sufficiency:
Let x ,ye X and x # y such that & —cl ({x}) # & —cl({y}) . Also let U & V be disjoint g -open sets for
whichx eUy e V.
Since, UN V=0, hence, x € p—cl({x}) c U&y€E p—cl{y}) c V.Consequently, (X,T)isa g —R;
space. Hence, the theorem.
Corollary (3.1):

Every g —T, space is g —R; space, but the converse is not true. However, we have the following
result.
Theorem (3.3): Every o —T, & o —R; space is g —T, space.
Proof:

Let (X,T) bea g —T,aswell as g —R; space. Since, (X,T) is a go —T, space, hence, g —cl {x}) =
DG #{y}=g —cl{y}) forxy e X &x #Vy.

Now, theorem (3.2) provides that as (X,T) is a o —R; space and here, x ,yeé X and  x # y such that

& —cl ({x}) # & —cl({y}), so there exist g -open sets U & V such that x eEUyeVvV&UNYV=oqg.
Consequently, (X,T) is a go —T, space.
Hence, the theorem.

Theorem (3.4): For a topological space (X,T), the following properties are equivalent:

(@ (X,T)isa g —R; space;

(b) For any two distinct points x,y € X with go —cl ({x}) # g —cl({y}), there exist g -closed sets F; & F, such
thatx € Fy, ye F, x €F,, ¥y €F;and FLU F, = X,where o =p,s, a & .

Proof: (a) =(b):

Suppose that (X,T) is a o —R; space. Let x,y €X and x # y and with g —cl ({x}) # & —cl({y}),by Theorem
(3.2), there exist g -open sets U & V such that x €U,y € V. Then, F; = V°is a g -closed set & F, = U® is also
§ -closed set such that x € F;, ye F, x €F,, y €F;and FiU F, = X.

(b)=(a):

Let x,y € Xsuchthat g —cl ({x}) # & —cl({y}).This means that o —cl ({x}) n g —cl({y}) = o.

By the assume condition (b), there existg -closed sets F; & F, such that x € Fy, ye F» , X €F,, y €F,and F,U F,
=X.

Therefore, x € F ; =U = A g -open set.

& ye F} =V =Agp-open set.

AlsoUNV=g.

These facts indicates that

X€ go-cl ({x}) c U & ye gp-cl ({y}) c V such that U n V = ¢. Consequently, (X,T) is a
§-R, space.

Hence the theorem.

84. go —symmetry of A space & g — generalized closed set:
We, now, define go — symmetry of a space & (X,T) & § —generalized closed set (briefly gog-closed set) in a
space (X,T) as:

Definition (4.1): A space(X,T) is said to be go —symmetric if for every pair of points x,y. in X , xe g —cl
({y}h)= ye g —cl ({x}) where o =p.s, a & B.

Definition (4.2): A subset A of a space (X,T) is said to be a o —generalized closed set(briefly gog-closed set) if
g —cl ({A}) € U whenever AcU & U is o —open in X
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whereg =p,s, a & .
Lemma (4.1): Every g -closed set is a gog-closed set but the converse is not true where g =p,s, a & p.

Proof:
It follows from the fact that whenever A is g —closed set, we havegp-cl(A) = A for o= p,s, a & B,so the
criteria ¢ —cl ({A}) € U whenever AC U & U is o — open exists & A turns to be a gog-closed set.
But the converse need not to be true as illustrated by the following example:
Let X={ab,c,d} And T = {o,{a},{a,b},{c,d},{a,c,d}, X}
Here closed sets are : ¢,{b},{a,b},{c,d},{b,c,d}, X.

Then, T, ={ ®,{a},{a,b},{c.d},{a,c,d}, X}, & TSC = {9,{b},{a,b},{c,d},{b,c,d},X}.

Now, ng = the class of all sg-closed sets.

= {¢,{b}.{c},{d},{a,bj,{c.d},{b,c},{b,d}.{ab,c},{a,bd},{b,c.d} . X}.
Therefore, {c},{d}.{b,c}{b,d},{a,b,c},{ab,d} are sg-closed sets but not s-closed.

Also, T,= T, T =T & T =T which show that {c},{d},{b.c}.{bd},{ab.c}.{a.b.d} are ag-closed

sets but not a-closed sets.
Similarly, the other cases can be dealt with.

Theorem (4.1): A space (X,T) is go —symmetric if and only if {x} is gg-closed for each xeX, where g = p,s,
a&p.

Proof: Necessity: Let (X,T) be go-symmetric , then for distinct points x,y of X,

ye o —cl ({x})= x€ p —cl ({y}) where p =p,s, a & B.

Let {x}cD where D is a & —open set in (X,T). Let ¢ —cl ({x})& D. This means that (¢-cl ({x}))ND°® #¢. Let
y € (% —cl ({x}))nD". Now, we have xe g —cl ({y})cD° and x ¢ D. but this is a contradiction . Hence, & —cl
({x})cD whenever {x} cD & D is g -open. Consequently, {x} is a gog-closed set.

Sufficiency: Let in a space (X,T), each {x} is a gog-closed set where x€ X. Let x,y€ X & X # y such that xe

# —cl ({y}) butye g —cl ({x}............ €))

This impliesthat  ye (g — cl ({x}))c

= {v} c (o —cl({x})c

> p-cd{y) c(P—cl{xP) . )

as {y} is a gog-closed set by the assumption.

Now, {x} < (& —cl ({x}))° from (1) & (2). this is an assumption contradiction which arises due to the
acceptance of (1) and consequently , we have

x€ g —cl {y})= ye o —cl {x3}) ; forevery x =y . Therefore, the space (X,T) is g —symmetric.

Hence the theorem.

Corollary (4.1): If a space (X, T) is o —T, space , then it is go —symmetric, where o = p,s, @ & p.

Proof: In a g-T; space, singleton sets are g —closed by Theorem (1.2) , and therefore gog-closed by Lemma
(4.1). By Theorem (4.1), the space (X,T) is go —symmetric, where g =p,s, a & B.

Remark (4.1):

The converse of the corollary (4.1) is not necessarily true as shown in the following example:
Let X = {ab,c.de}. T = {¢,{a},{b},{a,b},{c.d},{a,c.d},{b.c.d},(ab,c.d},{b,cde},X}.

Then

TSC ={¢,{a},{b},{e},{a,b},{ae} {b,e} {c,d}{ab,e}{ac,d}{cde}{bc,de} {ac,de} X}

TS ={p,{b},{a},{a,b},{b,e},{c,d},{a,b,e},{a,c,d},{b,c,d},{c,d,e},{a,b,c,d},{a,c,d,e},

{b,c,d,e}X}.
The space (X,T) is not s-T, but s-symmetric.

Theorem (4.2): for a topological space (X,T), the following properties are equivalent :
(@) (X,T)is agp —symmetric & g —T, space;
(b) (X,T)is g —T; space.
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Proof: (

a) =(b):

Let x,y € X and x #y. Since, (X,T) is a go —T, space, hence we may assume that x € G,c{y}° for some g —

open set

G; . Then x & o —cl ({y}). Consequently y & g —cl ({x}). There exists a o —open set G, such that y

€ G,c{x}". Therefore, (X, T) is a o —T; space.

(b) =(a):

Corollary (4.1) depicts that (X,T), being g —T; space is go —symmetric .

Remark (1.1) provides that (X,T) being go —T; space is necessarily g —T, space.
The above two facts together establish that (b) =(a).

Hence ,the theorem.

Corollary (4.2): If (X,T) is go —symmetric, then (X,T) is o —To © (X,T)is o —T;.

Proof: Here, ‘=" follows from Theorem (4.2) & ‘<’ follows from Remark (1.1).

I1. Conclusion

An overview of separation axioms by nearly open sets focuses its attention on the literature of o —T,( k=
0,1,2 & 0 =p,S, a & B) spaces in the compact form in this paper.

The study of ¢ —R, & # —R; spaces has been enunciated and the related properties are kept ready at a
glance. The g- symmetry of a topological space along with example and basic results has been exhibited at one
place.

The future scope of the overview is to compile the literature & research concern with g —Ty;, spaces(g =
p,s, a & B) and the related fundamental properties & results are to be prepare as a ready reckoning at a glance.
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